We theoretically discuss analogues of the anomalous and the integer quantum Hall effect in drivendissipative two-dimensional photonic lattices in the presence of a synthetic gauge field. Photons are coherently injected by a spatially localized pump, and the transverse shift of the in-plane light distribution under the effect of an additional uniform force is considered. Depending on pumping parameters, the transverse shift turns out to be proportional either to the global Chern number (integer quantum Hall effect) or to the local Berry curvature (anomalous Hall effect). This suggests a viable route to experimentally measure these quantities in photonic lattices.
The amazing developments in the experimental study of quantum fluids of light in the past decade are opening the way to use photonic systems to improve our understanding of phenomena originally known in the context of condensed matter physics [1] . After pioneering studies of Bose-Einstein condensation [2] and superfluidity effects [3] , a great interest is presently devoted to topological effects, such as synthetic gauge fields for photons and edge states in photonic topological insulators [4] [5] [6] [7] [8] [9] . Inspired by related developments in solid state physics [10] [11] [12] [13] , these advances are opening exciting perspectives in the direction of quantum Hall effects with light [14] [15] [16] as well as promising applications to photonic devices [17, 18] .
In this perspective, it is natural to wonder how robust topological effects are against photon losses and the consequent need for an external optical pumping. This question is even more intriguing as Laughlin's gedanken experiment in Ref. [19] has related the integer quantum Hall effect to gauge invariance, while gauge-dependent quantities such as the photon phase are experimentally accessible in optics, especially under a coherent pumping.
Crucial concepts in the theoretical description of quantum mechanical particles in periodic lattices under a strong gauge field are the Berry curvature of a band and its integral over the Brillouin zone, the Chern number. This latter is a topological invariant of a band, and, in two-dimensional solid state systems, it is related to the quantized Hall conductance and to the number of chiral edge states [20, 21] . Pioneering experimental studies of these concepts in the photonic context were reported in Refs. [5] [6] [7] [8] [9] . On the other hand, the local Berry curvature is a geometrical property of a band, which affects various electronic transport properties, in particular, the so-called anomalous Hall conductivity [22] [23] [24] . In the past years, many proposals have appeared to measure it in cold atomic gases trapped in optical lattices [25] [26] [27] [28] [29] [30] .
In this Letter, we propose a scheme to observe optical analogues of the anomalous and the (integer) quantum Hall effects by using a class of topological photonic devices of high experimental interest, namely, coupled cavity arrays [8, 32] . In contrast to the conservative photon dynamics studied in the waveguide experiments of Refs. [6, 7] and considered in the proposal [31] , the present work takes advantage of the driven-dissipative nature of the system to relate the Berry curvature and the Chern number to observable quantities. Our ideas are first illustrated on the simplest case of the square-lattice photonic Hofstadter model of [8] , and then we generalize the proposal to photonic honeycomb lattices [32] , where a nonzero Berry curvature appears in the vicinity of the (gapped) Dirac points when a lattice asymmetry is introduced [33, 34] .
Model.-We describe the conservative dynamics of the two-dimensional photonic lattice by using a tight-binding Hamiltonian, which in the square lattice case has the form
Hereâ m,n (â † m,n ) is the annihilation (creation) operator of a photon on the (m, n) site of the lattice, and the energy zero is set at the energy of the bare cavities. The hopping along the ±x direction has a real amplitude J, while hopping along the ±y direction carries an x-dependent phase ±2παm, which encodes the synthetic magnetic field acting on the photons, corresponding to the Landau gauge vector potential A = (0, 2παx, 0) with a synthetic magnetic flux per lattice plaquette of α in units of the unit magnetic flux. Lengths are measured in units of the lattice spacing.
The first term in (1) models an external constant force of magnitude F acting on the photons along the −y direction. In the absence of this term, the single-particle physics reduces to the one of charged electrons moving on a square lattice with a perpendicular magnetic field as first considered by Harper and Hofstadter [35, 36] in the context of solid state physics. In particular, the energy spectrum E as a function of α shows a fractal structure known as Hofstadter's butterfly. In the following, we shall assume that the magnetic flux has a rational α = p/q value with coprime integers p and q; in this case, we have q energy bands of dispersion E i (k), whose nontrivial topology is apparent as the lo-cal Berry curvature Ω i (k) and the global Chern number 2πC i = MBZ d 2 k Ω i (k) are nonzero for each of them, where the last integral is over the magnetic Brillouin zone
As we are considering a driven-dissipative photonic lattice, we have to include the effect of pumping and losses [1] . Losses are assumed to be local and uniform for all lattice sites at a rate γ. The pumping field is taken to be monochromatic with frequency ω 0 and a spatial amplitude profile f m,n . In the linear optics case under consideration here, photons are noninteracting so exact results are obtained by the mean-field equations for the expectation values a m,n (t) = â m,n (t) . In the steady state, these evolve according to the harmonic law a m,n (t) = a m,n e −iω0t with time-independent amplitudes a m,n satisfying the linear system J a m+1,n + a m−1,n + e −i2παm a m,n+1 + e i2παm a m,n−1
which can be numerically solved on a finite lattice. In the following, we shall assume that only the central site (0, 0) is pumped: f m,n = f δ m,0 δ n,0 . This physics is illustrated in Fig. 1 starting from the F = 0 case with no external force: In Figs. 1(a) and 1(b), the pump frequency is chosen within the lowest magnetic band of α = 1/5. As the loss rate γ is increased from γ = 0.01J (a) to γ = 0.02J (b), photons are able to travel over shorter distances before decaying, so the photon intensity distribution gets more and more spatially localized in the vicinity of the pumped site: Rather than a hindrance, the lossy nature of the system is here a useful tool to suppress spurious effects due to the lattice edges. The exponential localization effect is even more dramatic when the frequency falls within a band gap [ Fig. 1(c) ], and the bands are excited in a nonresonant way.
Measuring topological quantities.-The situation becomes more interesting once we turn on the synthetic electric field F = 0 directed along the negative y direction: From Fig. 1(d) , it is apparent that the photon intensity distribution is no longer centered at the pump position but is significantly shifted in the leftward direction transverse to the applied force. Examples of the dependence of the transverse displacement of the center of
on the applied force F are displayed in Fig. 1(e) , where we plot x as a function of F for a pump frequency within the lowest energy band of α = 1/5 and two different loss values γ/J = 0.05 and 0.08. The displacement x grows linearly for small F ; for the parameters in the figure, this linear regime extends up to |F | < ∼ 0.02J.
We now proceed to relate the slope of this linear dependence to the topological properties of the band; a single band description is legitimate, provided the pump frequency ω 0 falls within (or close to) an energy band and γ is smaller than the band gap separating from the next bands. In the linear regime, this gives the simple relation between the displacement and the Berry curvature (a full proof of (3) as well as its extension to more complex -e.g., honeycomb -lattices is given in Supplemental Material)
where
−1 is the (normalized) population distribution within the band under consideration; E(k) and Ω(k) are the energy dispersion and the local Berry curvature, respectively, of the corresponding band.
The integral in (3) can be worked out explicitly in the two cases of large and small γ as compared to the bandwidth of the energy band ∆ width ; for large γ ≫ ∆ width , one obtains the Chern numbers, and for small γ ≪ ∆ width , one finds the Berry curvature. In practical experiments, the loss rate γ can be tuned by artificially reducing the quality factor of the cavities or, alternatively, by tuning ∆ width by varying the hopping amplitude J.
Large loss: Chern number and quantum Hall effect.-In the limit γ ≫ ∆ width , the detuning term
in n(k) can be neglected, and a formula for the transverse shift is found:
that involves only the Chern number C of the band: This result is an optical analogue of the integer quantum Hall effect.
Of course, this formula is valid only if the loss rate γ is much smaller than the band gap to the nearest energy band ∆ gap . This condition imposes a compromise between a large enough value of γ/J to encompass the whole band of interest and a small enough value to minimize the spurious effect of the neighboring bands. For the lowest band of α = 1/5, the large separation from the higher bands (∆ gap /∆ width ∼ 24) allows for a good compromise: By using γ = 2∆ width and ω 0 tuned at the band center, the estimated value C n ≈ −0.96 of the Chern number is close to the exact value C = −1.
As the leading order correction due to the neighboring bands to (4) does not depend on γ, a more precise estimate can be obtained by repeating the measurement on different samples with different values of the normalized loss rate γ/J so as to extract the coefficient of 1/γ in (4). In Table I , we list the estimated Chern numbers C n obtained by numerically calculating the mean displacement x for different values of α, and we compare them with the exact values C obtained from the Diophantine equation approach [12, 20] . For each case, the pump frequency ω 0 is chosen to be at the center of the band under examination, and the coefficient of the 1/γ term is calculated for a normalized loss value γ/2J = (J/∆ width + J/∆ gap ) −1 .
As long as the bandwidth is much larger than the band gap, the agreement is very good. On the other hand, the large deviation between the estimated and the exact Chern numbers of the second and fourth bands of α = 1/5 (C n = −0.66 instead of C = −1 ) is because the corresponding bandwidth ∆ width ∼ 0.45J is very close to the size of the band gap ∆ gap ∼ 0.52J. When ∆ width > ∆ gap , this method is not reliable at all, so the corresponding cases in the table have been left blank.
Small loss: Berry curvature and anomalous Hall effect.-When the loss γ is much smaller than the bandwidth ∆ width , the k-space distribution can be approximated as a delta function on the k-space locus where ω 0 ≈ E(k). In analogy to the (intrinsic contribution to 1st 2nd 3rd 4th 5th 6th the) anomalous Hall effect, the displacement
turns out to be proportional to the averageΩ(ω 0 ) of the Berry curvature on the E(k) = ω 0 curve in k space. Remarkably, different regions of the Brillouin zone can be separately addressed just by tuning the frequency ω 0 of the coherent pump. In the case of the Hofstadter lattice, numerical calculations suggest that the Berry curvature is a function of the energy only, so a reliable estimate of the local Berry curvature at the different points of the MBZ can be obtained from a measurement ofΩ(ω 0 ) provided only the iso-E locus in k space does not cross stationary points of E(k). The accuracy of this result is validated in Fig. 2 , where we plot the estimated value of the Berry curvature for the lowest band of α = 1/3 and the central band of α = 1/5, and we compare them with the true values. The loss rate is taken here to be γ/∆ width = 1/30; for such a small value of γ, photons propagate over longer distances before decaying, so larger lattices are needed to suppress the effect of the edges. Overall, the estimated value of the Berry curvature agrees well with its exact value for almost all values of the pump frequency ω 0 in the bulk of the bands. Of course, the method breaks down in the vicinity of the band edges and becomes meaningless within the energy gaps (indicated by the gray shading in the figure). But note also the small spurious bumps around ω 0 /J ∼ −2.45 for α = 1/3 and ω 0 /J ∼ 0 for α = 1/5: These deviations correspond to stationary points of the band structure E(k) where the last equality of (5) is no longer valid. The quantitative discrepancy gets suppressed if smaller values of γ are used. It is, however, important to notice that, since our scheme does not benefit from topological protection, the actual measured displacement x can be affected by disorder. To suppress the deleterious effect of disorder, one may repeat the measurement by choosing different lattice sites for the pumping and then taking an average.
Photonic honeycomb lattice.-As a last point, we discuss the nontrivial new features that arise when extending our study to honeycomb lattices. We consider the usual tight-binding model of the honeycomb lattice sketched in Fig. 3(a) , with a nearest-neighbor hopping J which is now real and equal for all links [34] . The unit vectors are a 1 ≡ (3/2, √ 3/2) and a 2 ≡ (3/2, − √ 3/2), where the distance between two sites is taken to be unity. In the presence of a small energy difference ∆ between the sublattices, the band degeneracy at the Dirac points
is lifted by a band gap ∆, and the two bands have a nontrivial Berry curvature even in the absence of a synthetic magnetic field [33] ; as illustrated in Fig. 3(b) , the Berry curvature is concentrated in the vicinity of the (gapped) Dirac points, and, for each band, it is approximately a function of the energy only. As a result of the time-reversal symmetry, the Berry curvatures at K and K ′ exactly compensate giving a vanishing global Chern number for both bands and therefore no quantum Hall effect. As the averaged Berry curvature vanishes on any isoenergy curve, extension of the analogue anomalous Hall effect to honeycomb geometries requires separating the contributions of the K and K ′ points. The simplest strategy in this direction is to use a spatially extended pump with a finite in-plane wave vector in the vicinity of, e.g., the K point:
where σ is the spatial extent of the pump spot and R is the position of each site. In the experimental setup of Ref. [32] , this can be obtained by shining a laser field on the microcavity at a finite and well-chosen angle with the microcavity axis [1] . As before, the basic idea is to find out how the Berry curvature controls the transverse displacement of the intensity distribution when an inplane force is applied to the photons. While doing this, one has to deal with further complications stemming from the inequivalence of the two sublattices: As a result of this, measurements using a pump in the form (6) would in fact lead to nonzero displacements even for F = 0 and to a slope not directly related to the Berry curvature. All these difficulties can be resolved by repeating the measurement using two different, symmetric frequencies ±ω 0 and taking a weighted difference of the two measured displacements:
where a R is the photon field at position R when the pump frequency is ω 0 and a ′ R is when the frequency is −ω 0 . With this definition of x − , a straightforward analytical calculation (see the Supplemental Material for details and also for an alternative strategy to measure the Berry curvature right at the tip of the gapped Dirac cone) shows that the formula (3) holds with the integral taken over the Brillouin zone and the integrand being multiplied by the Fourier transform of the source. Then, using a source which uniformly covers the vicinity of K but is very small near other Dirac cones, one can estimate the Berry curvature from the transverse shift using the anomalous Hall effect formula (5) . The accuracy of this method is validated in Fig. 3(c) , where we plot the estimated value of the Berry curvature using this method for the region around the K Dirac point; agreement with the theoretical value (solid line) is very good.
Conclusion.-In this Letter, we have discussed optical analogues of the anomalous and integer quantum Hall effects in driven-dissipative photonic lattices with nontrivial geometrical and topological properties. Our results suggest that both the Chern number and the local Berry curvature of the photonic bands can be experimentally extracted from the transverse displacement of the light distribution under the effect of an additional force and support the promise of photonic cavity arrays as a platform to study the interplay of the nontrivial band topology with many-body physics.
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Supplemental Material for "Anomalous and Quantum Hall Effects in Lossy Photonic
Lattices" We give an outline of the derivation of Eq. (3) of the main text, which connects the mean displacement x and the Berry curvature Ω(k). We first Fourier transform the photon fields a m,n to work in the momentum space. Since the magnetic unit cell contains q original unit cells in x direction, a m,n can be expanded as
where c m ′′ (k x , k y ) are the annihilation operators in momentum space and m = qm ′ + m ′′ with m ′ being an integer and m ′′ = 1, 2, · · · , q. The sum over the wave vectors is restricted to the magnetic Brillouin zone −π/q < k x < π/q and −π < k y < π. In terms of the photon fields in momentum space, the mean displacement is
After a straightforward algebra, the steady-state equation of motion Eq. (2) can be written in momentum space as
where I q is a q × q identity matrix and
is the q × q tight-binding Bloch Hamiltonian of a charged particle in a two-dimensional square lattice with perpendicular magnetic field, and we defined a q component vector
with L x and L y being the linear size of the system in x and y directions, respectively, which is the Fourier transform of the pump field whose only nonzero component is the last term.
The steady-state photon fields in momentum space can be obtained by solving Eq. (A3), which can be expanded in a power series of F as
The eigenvectors of [(ω 0 + iγ)I q − H k ] −1 are the same as the eigenstates of the Bloch Hamiltonian H k :
where |u i (k) is the normalized eigenstates corresponding to i-th band of H k with eigenenergy E i (k). Then, assuming that ω 0 is tuned to one magnetic energy band, which we take to be the first band without loss of generality, we may ignore the effects from other bands and approximate
Then, the denominator of (A2) is, converting the sum into an integral in the magnetic Brillouin zone,
Instead of |f q , one can use |f i for the Fourier transform of the source term and we should obtain the same result, where |f i is the q-component vector whose magnitude is the same as |f q , but only the i-th component is nonzero. This is because using |f i corresponds to using the site (i, 0) for the pump site, which should not change the overall physics as long as the edge effects can be ignored. Then, using i |f i f i | = f q |f q I q , we obtain
is the normalized population distribution within the band, as introduced in the main text. Similarly, but after a more lengthy algebra, one obtains for the numerator of Eq. (A2), up to the first order in F ,
is the Berry curvature of the band at momentum k, and A sym (k) is a term symmetric under the exchange of ∂/∂k x and ∂/∂k y . (Note that the Berry curvature is antisymmetric under this exchange.) The first term in the integrand is the contribution from the group velocity of the band. Because of the 90
• rotational symmetry of the lattice and of the source, one can show that the symmetric term A sym (k) and the group velocity term should vanish upon integration over the momentum space. (This is equivalent to noticing that the displacement in x direction when the force F is directed toward negative y direction is the same as the displacement in y direction when the force F is directed toward positive x direction. Or mathematically, performing a transformation ∂/∂k x → ∂/∂k y , ∂/∂k y → ∂/∂k x , and F → −F should leave the expression invariant.) Then, dividing (A10) by (A9), one obtains the desired relation Eq. (3).
Appendix B: Details of the honeycomb lattice
Here we give details of how to apply our scheme to photonic honeycomb lattices. The geometry of the honeycomb lattice is shown in Fig. 3(a) of the main text. We consider a honeycomb lattice with sublattice-dependent on-site energy described by the Hamiltonian
whereâ m,n andb m,n are the annihilation operators of photons in sublattices A and B with positions ma 1 + na 2 and ma 1 + na 2 + (1, 0), respectively. The symbol h.c. stands for the Hermitian conjugate. As before, we assume that a weak external force F is applied to the photons along the −y direction; y = √ 3(m − n)/2 is indeed the y-coordinate of the m, n site.
Because of the sublattice-dependent energy ∆ = 0, the dispersion is now gapped and the two bands have the energies
where g(k) ≡ −J e ik·a1 + e ik·a2 + 1 e −ikx . The Dirac points where the separation between the bands is ∆ are
and those points which are obtained by translating K and K ′ by reciprocal lattice vectors. The Berry curvature, as shown in Fig. 3(b) for the upper band, has nonzero values around both Dirac points K, K ′ . Their contributions however cancel out when the curvature is integrated over the whole Brillouin zone to obtain the Chern number. The Berry curvature of the lower band has the same magnitude with the opposite sign.
We focus on the point K and consider the Berry curvature in the vicinity of this point. The dispersion and the Berry curvature around this point has a simple form [1] ; defining q ≡ k − K, one has
Since the energy and the Berry curvature are isotropic and either monotonically increasing or decreasing around K as a function of |q|, the Berry curvature is a function of energy when the momentum is close to the Dirac point, which suggests that it is possible to measure the Berry curvature as a function of the frequency, Ω(ω 0 ), using our proposal.
As we have mentioned in the main text, difficulties arise in the honeycomb case by the presence of two inequivalent sites within each unit cell, the so-called A and B sublattices. A strategy to overcome this unwanted feature is to drive the system with a very wide spot of Gaussian shape (6) with σ ≫ 1 and a carrier momentum tuned right at the K point. In this case, only a close neighborhood of the the tip of the Dirac cones is excited and the wavefunction on one of the sublattices become negligible, so the complication arising from having two inequivalent sublattices disappear. We can then determine the Berry curvature exactly at gapped Dirac points by measurements with only one frequency through the relation
The factor of 2 of difference compared to Eq. (5) is because the integrands in Eq. (3) are now multiplied by the momentum distribution of the source, which is concentrated at ∼K and thereby dominates the integral. With this method, taking e.g. σ = 50, we obtain a value Ω ≈ −47.7 for the Berry curvature at the K point, to be compared with the exact value Ω = −50. All other parameters are taken to have the same values as in Fig.  3 (c) and the pump frequency is tuned at a (single) value right at band edge ω 0 /J = 0.15. As the momentum distribution of the source field is narrowly focused at the Dirac points, this method is not able to provide accurate estimates of the Berry curvature away from the Dirac points.
To measure the Berry curvature in a larger neighborhood of the Dirac points, a viable strategy is the twofrequency strategy discussed in the main text. The idea is to perform two measurements with opposite frequencies and combine the results to compute the mean displacement and then to calculate the Berry curvature. With the pump frequency of ω 0 and the pump field f (R) focused around the momentum K defined in the main text Eq. (6), the steady-state equations of motion analogous to Eq. (2) are On the other hand, one can show that the photon amplitude generated by a pump of opposite frequency −ω 0 is, up to unimportant phases, equivalent to the configuration when the pump frequency is ω 0 and only the sign of the source field on B sublattice is exchanged, with x and y axes being flipped. Therefore, denoting both a m,n and b m,n by a single notation a R , the mean displacement defined by Eq. (7) in the main text can be equivalently written as
whereã R is the photon field produced by the same condition as a R except for a negative sign in front of the pumping field for B sublattice.
We now give an outline of the proof that the mean displacement x satisfies Eq. (3). As in Appendix A, we 
is the Hamiltonian of a honeycomb lattice in the momentum space in the sublattice basis, and |f (k) is the Fourier transform of the source. For the photon fields a R , |f (k) takes the following form:
On the other hand, for the photon fieldsã R , we have
Then, Eq. (B7) becomes 
where |c(k) is the Fourier transform of the photon fields when the source is (B10), and |c(k) is when the source is (B11). After a straightforward algebra, one can derive
which is analogous to (A9) and (A10) for the square lattice. Upon derivation one uses the relation |+ +| + |− −| ∝ I 2 , which is exactly the reason we take two measurements and combine them. Similarly to the square lattice, because of the 120
• rotational symmetry of the lattice and the source, one can again show that the symmetric term and the group velocity term should vanish upon integration. Alternatively, this can be explicitly shown by expanding the relevant quantities in terms of small q = k − K. This directly leads to the desired relation Eq. (3) with its integrand multiplied by the weight f (k). 
